New reverses for the continuous triangle inequality in the case of Bochner integral of vector-valued functions in Hilbert spaces are obtained. Applications for the scalar case that are in connection with Karamata's inequality are provided as well. Mathematics Subject Classification (1991) 46C05, 26D15, 26D10. (3) COS0^^ \Zi\ < Σ* t=l ¿=1
Introduction
Let / : [a, 6] -• Κ, Κ = C or R be a Lebesgue integrable function. The following inequality is the continuous version of the triangle inequality (1) 
i"f(x)dx < [ b \f(x)\dx,
Ja Ja and plays a fundamental role in Mathematical Analysis and its applications. It seems, see [5, p. 492] , that the first reverse inequality for (1) was obtained by J. Karamata in his book from 1949, [3] : (2) cos provided |arg/(x)|<0, xe [a,6] , where θ is a given angle in (0, \ ).
This integral inequality is the continuous version of a reverse inequality for the generalised triangle inequality provided o -θ < arg (¿i) < α+ θ, for ζ€{1,...,η}.
where α G R and θ G (θ, |), which, as pointed out in [5, p. 492] , was first discovered by M. Petrovich in 1917, [6] , and, subsequently rediscovered by other authors, including J. Karamata [3, p. 300 -301] , H.S. Wilf [7] , and in an equivalent form by M. Marden [4] . The first to consider the problem for sums in the general case of Hilbert and Banach spaces, were J.B. Diaz and F.T. Metcalf [1] ,
In our previous work [2] , we pointed out some continuous versions of Diaz and Metcalf reverses of the generalised triangle inequality.
We mention here some results from [2] which may be compared with the new results obtained in Sections 2 and 3 below. 
f \\f{t)\\dt<K ff{t)dt Ja Ja
The case of equality holds in (5) if and only if (6) £f(t)dt=±y*\\f(t)\\dtye.
As particular cases of interest that may be applied in practice, we note the following corollaries established in [2] . COROLLARY A. Let e be a unit vector in the Hilbert space (Η; (·, •}),/>€ (0,1) and f € L ([a,b] ;H) so that (7) ll/(t)-e||<p for a. 
Some Additive Reverses for a Unit Vector
The following result holds. then we have the inequality:
Ja Ja
The equality holds in (15) if and only if
Proof. If we integrate the inequality (14), we get
By Schwarz's inequality for e and J"' f (t) dt, we have
Making use of (18) and (19), we deduce the desired inequality (15). If (16) and (17) hold true, then
Ja Ja Ja Ja Ja and the equality holds true in (15). Conversely, if the equality holds in (15), then, obviously (16) is valid and we need only to prove (17).
If 11/ (Oil _ R® (/ (0 . e ) < fc (0 on a set positive measure in [a, 6], then (18) holds as a strict inequality, implying that (15) also holds as a strict inequality. Therefore, if we assume that equality holds in (15), then we must have It is well known that in Schwarz's inequality ||z|| ||y|| > Re (x, y) the equality holds iff there exists a λ > 0 such that χ = λ y. Therefore, if we assume that the equality holds in all of (19), then there exists a λ > 0 such that
Integrating (20) 
The equality holds in (28) 
Proof. The fact that (26) and (27) and jfll/Wll^ïjf
Proof. The condition (31) is equivalent to 
Additive Reverses for orthonormal Families
We recall that the family of vectors {e»}^^ n j in the inner product space (H\ (·, ·)) is orthonormal if (ei,ej)=0 if ιφί, t,je{l,...,n} and ||e<|| = 1 for ie{l,...,n}.
The following reverse of the continuous triangle inequality for vector valued integrals holds. 6] , where α, β are assumed to be positive and satisfying the condition a 2 + /? 2 = 1. Then the following reverse of the continuous triangle inequality is valid:
The constant ^ is best possible in the sense that it cannot be replaced by a smaller quantity. REMARK 2. One may realise that similar results can be stated if the Corollaries 1-4 stated above are used. For the sake of brevity, we do not state them here.
